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 H0/ZC[�\�]�^,_�^,`�aHb�c=d	a�e,a6f-a6[,^,a7gH\�h4\�`,^Qbi]�a;h/j	a6_k[,aHl,d	b6e,a;h4b�_�m	a6[,[,dk^�gId!l,e�a;h/a6]�a6[,^,nEe�\&h/^,j%b6\oc,e,^�m!^,gH[,p

_�e�\�aHc,_�d	e,^,^
ρ = ds

dϕ q r�d�]/j%`/\�aHs
v =

ds

dt
=

ds

dϕ
ϕ̇ = ρϕ̇
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 H0�r�\!e�\!s�aH_�e,^,`,a9b�c,^�a�j%e/\�m![�a6[,^�nBm!^,[,_!d!m!d	|}]/^,[,^,^�m-h/a6c	\�e,_�d	m!d	|Eb6^�b�_�a9s�a�c=d!d!e	h/^�[�\�_@^�s�a6~:_km!^=h

x = r cosϕ, y = r sin ϕ, z = bϕ

� h/a ϕ ��� j=[,c,�,^,nBm!e�aHs�a6[�^v� r ^ b � l,d	b6_�d�n,[,[,p�a q�7^ ��� a6e,aH[,�,^,e�j�n}�H_�^�m!p�e�\��-a6[�^�nBl,dom	e,aHs�aH[,^v�,l,d�]/j%`�^�s

ẋ = −r sin ϕϕ̇, ẏ = r cosϕϕ̇, ż = bϕ̇

d!_�c,j�h
\
v2 = (r2 + b2)ϕ̇2 = v2

0 = const, ϕ̇2 =
v2
0

r2 + b2

r�d	b�c=d�]��	c,j
ϕ̈ = 0

��l,e,d	a6c,�,^�^Ej%b�c=d!e�a6[,^�nEm-h/a6c!\!e,_�d	m!d!|�b�^/b�_�a9s�a�c%d	d!e	h/^,[/\�_@^�s�a6~:_@m	^=h

ẍ = −r cosϕϕ̇2, ÿ = −r sin ϕϕ̇2, z̈ = 0

��g}l,d%bi]�a;h/[�^�� � d!e�s�j!]�m!^=h/[�d��M`,_�dxm	a6c,_!d!e�j%b�c=d!e,aH[,^�n�e�\	b�l,d�]/d��-a6[?mVl�]�d	b6c=d	b�_!^v��d	e,_�d � d![/\&]��	[,d!|?c�d%b�^ z
��\

m!a�]/^,`,^,[�\@j%b�c=d!e,aH[,^�nEe�\�m	[�\
a = rϕ̇2 =

rv2
0

r2 + b2

�2\�c?c!\!c?_�d!`,c	\Bh/m!^��@a6_!bin?b@l,d	b6_�d�n,[,[,d	|Vl,d�m	a�]�^,`�^,[,awb�c=d	e,d	b6_��!~-�
_!dQc!\!bH\�_�a6]��![�\�n�b6d	b�_H\�m�]�n,~+�-\�nxj	b6c=d!e,aH[,^�n
d!�!e/\��-\!a6_!binBm@[�j�]��/��_�doaHb�_!�

aτ = 0 q/� ]�a�h/d!m%\�_�a6]��![,d/�

a = aν =
v2

ρ

d!_�c,j�h
\
ρ =

r2 + b2

r
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 H0v��b6l,d�]��	g6j�n�m!p�e�\��-aH[,^�nVh�],n�c=d	s�l,d	[,a6[,_Qj%b�c=d!e�a6[,^�n�m�l,d�],n,e�[,pz�Vc=d!d	e	h/^,[�\!_6\&�T�Tmxb6^�]�j�j	bi]�d	m!^�n
gH\�h4\�`,^B^/s�a6aHs

ar = r̈ − rϕ̇2 = 0,

aϕ = rϕ̈ + 2ṙϕ̇ =
1

r

d

dt
(r2ϕ̇) = 0

� _!b�~�h
\obi]�a�h/j!aH_��,`,_�d
r2ϕ̇ = c = const

��_�dka9b�_��
ϕ̇ =

c

r2

�-\&]�aHa!�
r̈ = rϕ̇2 =

c2

r3
, ⇒ ṙ

dṙ

dr
=

c2

r3

��[,_�a � e,^,e,j!nE�H_�doj=e�\�m	[,a6[,^�a!��l,d�]�j=`,^/s
ṙ2 = −

c2

r2
+ k2

� h/a k � l,e�d!^,gHm!d�]��	[�\&n}l�d	b�_!d�n,[,[�\&n q �2d � h
\oc,m%\�h/e/\�_ob�c=d!e,d%b�_�^E_�d	`,c,^�e�\�m	a6[

v2 = ṙ2 + r2ϕ̇2 = −
c2

r2
+ k2 +

c2

r2
= k2

_�dkaHb6_��kb�c=d!e,d%b�_��o_�d	`,c,^�l,d%b�_�d�n,[,[/\7l,dom	a�]�^,`�^,[,a q
��\�|=h/a9s�_�e/\�a6c�_�d!e,^�~Sh/m!^��@a6[,^,nB_�d	`,c,^ q ��s�aHaHs

ṙ = ±

√

k2 −
c2

r2
, ϕ̇ =

c

r2

�Xbi]�^
k = 0

�!_�dIb�c=d!e�d	b�_!�{_!d!`,c,^ke/\�m![/\:[�j�]�~-�!bi]�a;h
d!m	\!_�a�]/�![,d/�9_!d!`,c!\�l�d!c=d!^,_	bin q �Xbi]�^ k 6= 0, c = 0
��_�d

ϕ = const
�

bi]�a;h/d	m	\!_�a�]��	[,d��=_�d	`,c!\7h/m	^��-aH_!binEe/\�m![�d	s�a6e�[,d-^�l,e%n�s�d�]�^�[,a6|,[�d q �Xbi]�^ k 6= 0, c 6= 0
��^�s�aHaHs

dr

dϕ
= ±

r2
√

k2 − c2

r2

c

d!_�c,j�h
\,��^�[,_�a � e,^,e,j!nv�,l,d�]�j=`,^/s
r =

c

k cos(ϕ − ϕ0)r�d	bi]�a�h/[,a6a{j=e�\�m	[,a6[�^,a{n,m�],n,aH_!binBj=e�\!m![,aH[,^,aHs�l,e%n�s�d!|�mol,d�],n,e,[�pz�}c=d!d!e	h/^�[�\�_6\�� q���������	���2���,�����%�
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 H0���g�l,e,a�h
b�_H\�m�]/a6[,^�n�j	b6c=d!e,aH[,^�nB_!d!`,c,^�mod	bin��wa9b�_�a9b�_�m	a6[,[�d � do_�e�a�� � e�\![,[,^,c	\kbi]�a;h/j	a6_

a =
dv

dt
τ +

v2

ρ
ν

_�d7a9b�_��
a � � ^,l,d!_!a6[,j=gH\7l,e%n�s�d!j � d�]/�![,d � d�_�e,aHj � d�]��![�^,c!\Ib�c	\�_�aH_6\!s�^Bm!a�]/^,`,^,[,p dv

dt

^ v2

ρ q ��gC`,a6e�_�a��I\�n�b6[,d��%`,_�d�6_�d	_7_�e,aHj � d�]��	[,^,cwl,d9h
d!�!aH[k_�e,aHj � d�]��![�^,c,j 4MKL
� � h
a K � �,a6[�_�e}c,e�^,m!^,gH[,p)c,e�^,m!d	|v�%\

L � b�a6e�a;h/^,[/\��	d	e	h/p
MA q ��g�l,d9h/d	�!^�n}_!e,a6j � d�]/�![,^,c=d	m-l,d�]/j%`/\�aHs

a

v2/ρ
=

ρ

l/2
, ⇒ a =

2v2

l
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 H0���p��!aHe,aHs b6[�\�`�\&]
\�l,d9h/m	^��k[,j=~ b6^�b�_�a9s�j�d!_!b6`,a6_H\ b6m�n,gH\![,[,d	|�b�d b�_�aHe	�k[,a9s
OA 


d9h/[�j�^,gxd%b�a6|
[�\�l,e/\�m!^/s�l,dIb6_�a6e%�k[,~

OA
�%\�m!_�d	e,j=~ � d!e,_�d � d	[�\&]��	[,d OA

m�l�]�d	b6c=d	b�_!^-`,aHe,_�a6��\ q �2d � h
\�l,aHe,a6[�d	b�[/\&n@b6c=d!e,d%b�_��_�d!`,c�^
B
�	j&h/aH_Qe�\�m	[�\

v ����� = [ω1 ×
−−→
OB] q � _�[,d%b�^,_!a�]��	[,d!awl�d�]�d��-aH[,^,awb�_!a6e%�k[�n AB

d	l,e,a�h/a�],n,aH_!bin�j � ]�d	s ϕ
�

\Bd	_�[,d%b�^,_�a6]��![/\&nVb6c%d	e,d	b6_��E_�d!`,c�^
B
^�s�aHa6_�m!^�h

v ����� = [ω2 ×
−−→
AB] q r�dE_�a6d	e,aHs�akbi]�d��@a6[,^,nVb�c=d!e�d	b�_!a6| v ����� =

v ����� + v �����
�,_�d}aHb�_!�wb�c=d!e,d%b�_��o_�d	`,c,^

B
n,m!],n,a6_!binBh/^�\ � d	[�\&]��	~�l�\�e�\�],]�a6]�d � e�\!s s \���l,d	b6_�e,d!aH[,[,d � do[�\om!aHc,_�d	e�\&�

v �����
^

v �����
�,bi]�a;h
d!m	\!_�a�]/�![,d/�

v2����� = v2����� + v2����� + 2v ����� v ����� cos γ =

= ω2
1(l

2
1 + l22 − 2l1l2 cosϕ) + ω2

2l
2
2 + 2ω1ω2l2(l2 − l1 cosϕ)
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�Xbi]�^ gH\�l,d9h/m	^��k[,j=~�b�^�b6_�aHs�j d!_!b6`,a6_6\?m	p��!^,e/\�a6_	bin b�^�b6_�aHs \?d%b�aH| bE[�\�`�\�]�d	s m?_�d!`,c=a

A
^�h/m!^,�oj=�@\&n�bin

l,d	b6_�j=l�\�_�a6]��![�d���l,aHe,a6[�d	b�[/\&n�b�c=d!e,d%b�_��?_�d	`,c,^
B
�	j&h/aH_?e�\�m	[�\

v ����� = [ω1 ×
−→
OA] q r�d�]�d��@a6[,^,a�b�_!a6e%�k[�n AB

d!_�[,d%b�^,_!a�]��	[,d�l,d9h/m!^,�o[�pz�xd	b6a6|�d!l,e,a�h/a�]�n,a6_!bin?_�a6l�a6e,�Qj � ]�d%s α + ϕ
��b6c%d	e,d	b6_��E^,gHs�aH[,a6[,^,n�c=d!_!d!e,d � d ω1 + ω2 q

�X]
\ � d9h4\�e%nV�H_�d	s�j?m!aHc,_�d	e�d!_�[,d%b�^,_!a�]��	[,d!|�b�c=d	e,d	b6_�^�e�\�m	a6[
v ����� = [(ω1 + ω2) ×

−−→
AB] q r�dx_�a6d	e,aHs�a}bi]/d��-a6[�^�nb�c=d!e,d%b�_�aH|

v ����� = v ����� + v ����� = [ω1 × (
−→
OA +

−−→
AB)] + [ω2 ×

−−→
AB] = [ω1 ×

−−→
OB] + [ω2 ×

−−→
AB]

�2\�c�^�sQd!�	e�\�gHd	sz��m	p�e�\&�@a6[,^�aMh�],n7\��%b�d�]�~:_�[,d	|�b6c=d!e,d%b�_�^�_�d	`,c,^
B
b�d!m	l�\�h4\�a6_�bXl,e,a;h
p�h/j=�7^�sz�9`,_�dC^7aHb�_!aHb�_!m!a6[�[,d q
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ϕ = ϕ0 ± ωt.
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 H0vr�j%b�_��Qj � d�] ϕ

s�a6[,n,a6_!bin�l,d�g9\�c=d![�j
ϕ = ϕ0 + ωt q�� m!n��-a9s�l,d9h
m!^��k[,j=~ b�^/b�_�a9s�j�d	_!b�`�a6_6\�bw[�\��

l,e�\�m!],n,~+�-^�s�^ q �vd � h
\xb6_�a6e%�-aH[,�x�	j&h/aH_Qj=`�\!b6_�m!d	m	\�_!�QmQh/m	j	�Vh/m	^��-aH[,^�n�� 
 m%s�aHb6_�aBb}l,d9h/m!^,�o[�d!|�b�^/b�_�a9s�d!|�d	[m!e�\!�-\�aH_!bin�b}j � ]�d	m!d	|�b�c=d!e,d%b�_��	~ ω
l,e�d!_�^,m�`�\	b�d!m	d!|�b6_�e,a�]/c,^ m	d!c,e�j � _�d!`,c�^ O

^ d!_�[,d%b�^,_!a�]��	[,dxl,d9h
m!^��k[,d	|
b�^�b6_�aHs�p�d	_!b�`,aH_6\Im	e�\��@\�aH_!binobC_6\�c=d!|w�-aCj � ]�d	m!d!|ob�c=d	e,d	b6_��Il,dI`/\!b�d	m!d	|@b6_�e,a�]/c%a	�	^/s�a�n}s � [�d!m!aH[,[,p�|k�,aH[,_�ewm	e�\��
�7a6[�^�n�mw_�d	`,c=a

S
�
e�\!b6l,d�]�d��@a6[,[,d	|B[/\wl,aHe,aHb6a6`,aH[,^,^�l,aHe,l,aH[=h/^,c,j!],n,e,d	mwc�d	bin�s

Ox
^

Oy
�
m	d	b6b6_6\�[�d!m�]/a6[,[,pz�E^,g

c%d	[,�,d	m}b�_�aHe%�o[,n
AB q ��aHg6j�]/�&_�^,e,j=~+�-a6aIh/m!^��@a6[,^�a7m}�H_�d	s�bi]�j=`�\�a-l,e,a;h4b�_6\!m�],n,aH_!binxl�\!e,d!|�m	e�\��-a6[,^�|v�/�Hc,m!^�m	\��]�a6[,_![,d!|ws � [,d!m	a6[,[,d�� l�d	b�_!j%l/\�_�a6]��![,d%s�j{h/m!^,�-a6[�^,~�_�m!aHe	h/d � d{_!a�]/\��!b�c=d!e�d	b�_!�{c=d	_�d!e,d � d{e�\�m	[�\�s�d	s�aH[,_�j@l�\�e,p ωl q

��d�m%b�aCm	e,aHsMn@h/m	^��-aH[,^�nkb�c=d!e�d	b�_!���,a6[,_!e�\Ib�_!a6e%�k[�n
O1
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O
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O
e�\�h/^�j	b6\

l/2
b�l,d	b6_�d�n,[,[,d	|-b�c=d	e,d	b6_��!~ q ��\�coc!\�ch/m!^��@a6[,^�a+b�_�aHe%�o[,n}l,d	b6_�j=l�\�_!a�]��	[,d!a	�&]�~+�%\&n@h/e,j � \&nw_�d	`,c!\7b6_�a6e%�k[�nw�	j&h/aH_{h/m!^ � \�_��%binkl,d7d	c,e,j%�k[,d	b6_�^ke�\�h
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l/2
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O
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��\	b6bHs�d!_�e,^/s�m!_!d!e,d	|Bbi]�j=`�\!|v�=c%d � h
\ ϕ = ϕ0 − ωt q � � d�] ϕ
j=�	p�m	\�aH_7b�dob�c=d	e,d	b6_��!~

ω
�=^Eb6_�a6e%�-aH[,�ob�d!m	a6e,f@\�aH_

h/m	\}m!e�\!�7a6[�^�nv��l,e�d!^�bi�%d9h�n,�7^,a7l,e,d!_!^,m}`�\	b�d	m!d!|Qb6_�e,a�]/c,^ q ��a6gHj�]��&_�^�e,j=~+�7aHa�h/m	^��-aH[,^,aIn,m!],n,a6_	binxs � [,d	m!a6[�[,pCsm!e�\!�7a6[�^,aHs�b+j � ]/d!m!d	|wb�c=d!e�d	b�_!�!~ 2ω
�	l,e,^,`�aHs?]�^�[,^�nkh/aH|�b�_!m!^�n}m	a6c,_!d!e�\Is � [,d!m	a6[,[�d!|wj � ]�d	m!d!|kb6c%d	e,d	b6_�^wl,e�d��	d��

h/^,_o`,a6e�a6g��,a6[�_�e�b�_�aHe%�o[,n
O1 q r�d	�6_�d%s�j}b�c=d!e�d	b�_!�-_�d	`,c,^ O1

�	j&h/aH_-l�d	b�_!d�n,[,[,d@d	b�_H\�m	\!_��	binBe�\�m	[,d!|B[,j�]�~-��\@m	b6a
d	b�_H\&]��	[,p�a�_�d!`,c�^�b6_�a6e%�k[�n��!j�h/j=_-d	l,^�b�p�m%\�_��@c=d![,��a6[,_�e�^,`,aHb6c,^,a�d	c,e,j%�k[,d	b6_�^�m!d!c�e,j � _�d	`,c,^ O1 q

� �&*4�%G7 *
'
	�0
���������	���T���-�}3/ 6���&8��&�,RS3���G�'E�;*4'	JO�&�&��G�'x�!��3�'��6'��-'%JK$
��G���*
���� �*
Y@��3/ �LT*,���&3��2G

2α
L��%�&"@��"o�.5?N& i<Q���!��$
F	U

RS �3/�%5 8D*
'%JO��A ��*
'%JO�����9A �	�93/'����}'%JK$
�;G �&*4� �� �*
Y@��3
 ;L *,���&3/�2G
2β
L{�&������"@�

h
"@����L+��"@� 	/ 63�"+* �&��3/�&���&3��=5

���&8��&�,RS3��&JO���!��3�'��i�78��&��RS 6"@�i5��C���&�6"-��5
3�3/��A}���I�! .$
�����/3/ ��6�!�.*
�&��"@F!(
v0
0��@�&A/"-�@GIJO3��&�� 63�3/'!(�'	JK$
�&�&'	(u�6�!��U

*
�&��"@Fx�/��8��&��Ru3/��JO���	�93/'��.�&L+��"@�&�!RS k'��6�!�.*4 63��=5�"@�����!�
C
�%���i�&3��=5��&��3/�&���&3��=5��/�&89���,Ru3/�&JO�E�	��3�'��i���k3/ 6����U

89���,Ru3/�2G#�x"@�����!�
D
���&8��&�,RS3��&JO�o�!��3�'��i�w89�/�6G7 �"+*��H$
F!3��@�&*4��"-�
�&������$
�9Ru3���A

C
0

WX 6Y@ 63��
 H0�r�d9h
m!^��k[,p�|oc=d![,j%b�c!\�_�^�_!binkl,dI[,aHl,d9h/m!^,�o[�d	s�jI�	a6g�l,e,d%b�c!\�]��!gHp�m	\![,^�nv��bi]�a�h/d!m%\�_�a6]��![,d/�&_�d!`�c,^kl,d��
h/m!^��k[,d � dBc%d	[,j	bH\,�/e�\!b6l,d�]�d��-aH[,[,p�a�[�\Bd!�	�7aH|Qd!�!e/\�g6j=~:�7a6|2�/^�s�aH~+_B[,j�]�aHm!p�a@b�c=d!e,d%b�_�^ q r�d	�6_�d%s�j�s � [,d!m	a6[,[/\&nd	b��@m!e/\��7aH[,^�n}b6d!m!l/\�h
\!a6_7b{d!�	�7aH|wd!�	e�\�gHj%~:�7aH|wd!�	d!^��kc=d![,j%b�d	m q ��m	a;h/a9s�l,d9h/m	^��k[,j=~Sb6^�b�_!aHs�jkd!_	b�`,aH_6\ob�m�n,g9\�[ �[,j=~)b�l,]�d	b6c%d%b�_��	~7��l,e,d��%d9h�n,�7aH|7`,aHe,a6gzd%b�^ob�^�s s�aH_�e,^,^oc=d![,j%b�d	m q �7m!^��@a6[,^�a�l,d9h
m!^��k[,d � d{c%d	[,j	bH\C_�aHl,a6e��Is�d��o[�dl,e,a;h4b�_6\!m!^,_���c!\!c@bi]/d��o[�d!a!�&b6d	b�_!d�n,�7a6a�^,gzm!e�\!�7aH[,^�n7l,d9h
m!^��k[,d	|-b�^/b�_�a9s�p m	d!c,e,j � d	b6^-b�^/s s�a6_�e,^�^@[�a6l,d9h/m	^��k[,d��
� dIc=d![�j	b6\7bCj � ]�d!m	d!|kb�c=d	e,d	b6_��!~)e/\�m![�d!| ω1 =

v0

h sin (α + β)

^}[�\�l,e/\�m�]/a6[,[,d	|kl,d7d%b�^wb6^�s s�a6_�e�^,^B[�a6l,d9h/m	^��k[,d � d
c%d	[,j	bH\�^}d	_�[,d%b�^,_�a6]��![�d � d-m!e�\!�7aH[,^�nkl,d9h/m	^��k[,d � dIc=d![,j%b6\�m	d!c,e,j � b�m!d	a6|wd%b�^}b6^�s s�a6_!e,^,^Em-l,d9h
m!^��k[,d	|wb�^�b6_�aHs�a
d!_!b6`,a6_6\ q � [�\&n�[�\�l�e�\�m!]�a6[,^,nQ\!�	b6d�]�~+_�[�d!|�^Qd!_�[�d	b�^�_�a�]��	[,d!|Qj � ]�d	m!pz�Bb6c=d!e,d%b�_�aH|Ql,d9h/m!^,�o[�d � doc=d![�j	b6\���\k_6\!c��-am!a�]/^,`,^,[,j�^�[�\!l,e�\�m!]�a6[�^,akl,a6e�a6[,d%b�[,d	|�j � ]�d	m!d	|?b6c=d!e,d%b�_�^v�v]�a � c%dQd	l,e,a�h/a�]�^�_���m!a6]�^,`,^�[,j�\!�	b6d�]�~+_�[�d!|?j � ]�d!m	d!|
b�c=d!e,d%b�_�^-m!e�\!�7aH[,^�n7c=d![�j	b6\ q&� d � ]/\!b6[,d+_!a6d!e�aHs�a�bi]�d��-aH[,^�nIj � ]�d	m!pz�Ib�c=d!e�d	b�_!a6| ω ����� = ω ����� +ω �����

�!j�h/aHsx^�s�a6_��
ω �����

sin(α + β)
=

ω1

sin β

d!_�c,j�h
\
ω ����� = ω = ω1

sin(α + β)

sin β
=

v0

h sin β
= const

� � ]�d	m!d!a�j%b�c=d!e,aH[,^,a�e�\!m![,d
ε =

dω

dt

�/_�dwaHb6_����/^�bi�	d9h/nB^,g7s�a6��\�[,^,`�aHb�c=d � dwb6s�pCbi]
\ol,e,d!^�g6m!d9h
[,d!|Ee�\�h
^,j	b��%m!aHc,_�d	e�\

�



� b�c=d	e,d	b6_��oa � doc=d![���\����
ε = [ω1 × ω]

� [�\�`,^,_��vm	a6c,_!d!e?j � ]�d!m	d � dEj	b6c=d!e,aH[,^�nV[/\�l,e�\!m�]�aH[?d!e,_�d � d	[�\&]��	[,dEl�]�d	b6c=d	b�_!^v�vd!l�e,a;h/a6],n,aHs�d	|?d	bin�s�^?b�^�s s�aH_�e,^,^
c%d	[,j	b6d!m/�%mkb6_�d!e,d	[,jwm	e�\��-a6[,^�nE�6_�d	|Bl,]�d	b6c%d%b�_�^E^�m!a6]�^,`,^,[/\-a � d

ε = ω1ω sin α =
v2
0 sin α

h2 sin β sin (α + β)
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��b�c=d!e,aH[,^,a{l,e,d	^,g6m	d�]��![,d	|w_�d	`,c,^

M
_�m!aHe	h/d � d-_�a6]/\,��^/s�a6~+�-a � d@[�a6l,d9h/m	^��k[,j=~u_!d!`,c,j O

��[/\&�	d9h
^,_!bin}l,d@_�aHd��
e,aHs�a ��^�m	\&]/�	b6\-c!\!c � a6d%s�a6_�e,^�`,aHb6c!\&nQb�j�s s \@m!e�\!�-\!_�a�]��	[,d � d7j%b�c=d!e,aH[,^�n

a �
�

= [ε ×
−−→
OM ]

^Ed%b�a9b�_�e,a9s�^,_�a6]��![,d � d
a
���

= [ω × [ω ×
−−→
OM ]], a

���
= ω2dM

� h/a dM � e/\!b6b6_�d�n,[,^,a:d!_-_�d!`,c�^
M
h/dos � [�d!m!aH[,[,d	|kd	b�^Bm!e�\!�7aH[,^�n q r�d	b�c=d�]��	c,j7_!d!`,c!\ C

]�a6�k^,_7[�\@s � [�d!m!aH[,[,d	|
d	b�^Em!e/\��7aH[,^�n

a
���
C = 0

^
aC = [ε ×

−−→
OC ]

_�dIaHb6_��7j%b�c=d!e�a6[,^,a�_!d!`,c,^
C
]/a��k^,_ImIl,]�d	b6c%d%b�_�^2�!d!l�e,a;h/a6],n,aHs�d	|kd	bin�s�^wb6^�s s�a6_�e�^,^}c=d![�j	b�d	m��&l,aHe,l,aH[=h/^,c,j!],n,e,[,d

d!�!�-a6|Ed!�	e�\�gHj%~:�7aH|v�=[�\�l,e/\�m�]/a6[,d@mkb�_�d	e,d![,j}l,d9h/m!^,�o[�d � d@c=d![,j%b6\-^�a � dom	a�]�^,`�^,[�\

aC =
v2
0 sin α

h sinβ cosβ sin (α + β)

��e/\��-\!_�a�]/�![,d	a�j%b�c=d!e�a6[,^,az_�d	`,c,^
D � m!aHc,_�d!e2��l,d�]�j=`,aH[,[,p�|ol,d!m	d!e,d	_�d	s�m!a6c�_�d!e�\ a �

�
C

m�l�]/d	b�c=d%b�_�^od	b6a6|ob�^�s s�aH_��
e,^,^?c=d![,j%b�d!mB[�\Ej � d�] 2β

l�e,d!_�^�mE`/\!b�d	m!d	|Vb�_!e,a�]�c�^�m	d!c,e�j � _�d	`,c,^ O q � b6aHb�_!e,aHs�^,_!a�]��	[,d!aoj	b6c=d!e,aH[,^,a@_�d!`,c�^ D

�



]�a��k^,_Im�l,]�d	b6c%d%b�_�^2�!d!l�e,a;h/a6],n,aHs�d	|od	bin�s�^kb�^�s s�aH_�e,^,^Bc=d![,j%b�d!m/�&l,a6e�l,a6[=h
^,c,j�]�n,e,[,dIs � [�d!m!aH[,[,d	|@d%b�^km	e�\��-a6[,^�nv�
[�\�l,e/\�m�]/a6[,d@m![,j=_�e��@l�d9h/m!^��k[,d � d@c=d![,j%b6\-^Ea � dom!a6]�^,`,^�[�\

a
���
D = 2ω2h sin β =

2v2
0

h sinβ

��b�c=d!e,aH[,^,a�_�d	`,c,^
D
e�\�m	[,d

aD = a
���
D + a �

�
D

��� ����� ��� ���
�
��a�]�^�`,^,[,jk\��%b�d�]�~:_�[,d	|@j � ]�d	m!d	|ob6c=d!e,d%b�_�^kl,d9h
m!^��k[,d � d�c=d![,j%b6\�s�d��k[,dI[�\!|,_�^wm	d	b6l,d�]��!gHd!m%\�m!f-^�b��
� d!e�s�j!]�d!|���|�]�aHe�\

vO1
= vO + [ω ����� ×

−−→
OO1],

� h/a O1 � �,aH[,_�eod	b6[,d!m%\�[,^�nIl�d9h/m!^��k[,d � d:c%d	[,j	bH\ q �2\!coc!\�c vO = 0
^@[�\�l,e/\�m�]/a6[,^,azm	a6c,_�d	e�\{\��	b6d�]�~+_![,d!|-j � ]/d!m!d	|

b�c=d!e,d%b�_�^
ω �����

c=d![,j%b6\-^,g6m	aHb6_�[,d���_!d
v0 = ω ����� |

−−→
OO1| sin β.

� ]�a;h/d	m	\!_�a�]��	[,d�� ω ����� =
v0

h sin β q
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 H0 � m!n��-aHs l,d9h/m!^,�o[�j%~ b�^/b�_�a9s�j�d!_	b�`,aH_6\?bBe/\�h/^,j%b �=m!a6c�_�d!e,d%s�_�d!`�c,^ ^ m!m	a;h/a9s d%b�^

ξOη q � �H_�d!|
b�^�b6_�aHs�aId	_!b�`�a6_6\o_�d	`,c!\-h/m	^��-aH_!bin�l,e%n�s�d�]�^,[,aH|,[,dol,dkgH\!c=d![,j

r(t)
l,dod	b�^

Oξ
��gH[�\�`,^,_��,d	_�[,d%b�^,_�a6]��![/\&nEb6c=d!e,d%b�_��

_�d!`,c�^��	j&h/aH_�[�\�l,e/\�m�]/a6[�\Bm&h/d�]/�Be�\&h/^,j%b �%m	a6c,_!d!e�\B^?e�\�m	[�\
ṙ
�2d!_�[,d%b�^,_!a�]��	[,d!aoj	b6c=d!e,aH[,^,a@_�d!`,c�^�e�\�m	[,d

r̈
^?[�\��

l,e�\�m!]�a6[�d@l�d@_!d!|E�-a�l,e%n�s�d!| q
� ^�b�_�a9s \�d!_!b6`,a6_H\�m!e�\!�-\!a6_!bin@m!d!c�e,j � l�d�]�~:bH\ O

�!l,e,^�`,aHs�l,d�],n,e�[,p�|kj � d�] ϕ
^,g9s�a6[�n,aH_!binkl,d�gH\!c%d	[,j

ϕ = ϕ(t) q�vd!`�c,^Bl�d9h/m!^��k[,d	|wb�^�b6_�aHs�pud!_!b6`,a6_H\�h/m	^��kj=_!binwl,d7d	c,e,j%�k[,d	b6_9n�s�bC�,aH[,_�e,d%s�m@l,d�]�~:b6a q r�a6e,aH[,d	b6[,d!a+j	b�c=d	e,a6[,^�a_�d!`,c�^�s�d��k[,do[�\!|,_�^�c!\!c�b6j�s s�j}c!\	b6\�_!a�]��	[,d � d-^�[,d	e�s \&]��	[,d � d7j%b�c=d!e,aH[,^,|

a �����
ν

= rϕ̇2, a �����
τ

= rϕ̈.

��d!e,^,d�]/^�b�d	m!d?j	b6c%d	e,a6[�^,a
a � ��� = 2[ω × v ����� ]

�!j�h/a6_�[/\�l,e�\!m�]�aH[,d�d	e,_�d � d![�\�]��![�d�e�\�h/^�j	b �=m!aHc,_�d!e�j�m�b6_�d!e,d	[,j
m!e�\!�7a6[�^�nv��_�dkaHb6_��ol,dod	b6^

Oη
��^�e�\!m![,d

a � ��� = 2ṙϕ̇.

r�e,d!aHc,_�^,e,j!nkm!a6c�_�d!e}\!�	b6d�]�~+_�[�d � d�j%b�c=d!e�a6[,^�no[�\7c%d	d!e	h/^,[/\�_�[,p�a+[�\�l,e/\�m�]/a6[,^�n Oξ
^

Oη
�=l,d�]�j=`,^�s?e�\&h/^�\�]��![,j=~

^E_!e�\�[�b6m!aHe�b6\�]��![,j=~�b�d%b�_6\!m�],n,~:�7^,a�j	b6c=d!e,aH[,^�n



ar = r̈ − rϕ̇2, aϕ = rϕ̈ + 2ṙϕ̇
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 H0%�I]�nBd!l�e,a;h/a6]�a6[�^�nEj%b�c=d!e�a6[,^�n�s \�_�aHe,^�\�]��![,d	|B_!d!`,c,^�m	d	b�l�d�]��!gHj!aHs binw_!a6d!e�aHs�d!|Qbi]�d��@a6[,^,n}j	b6c%d	e,a �
[,^,|

a ����� = a ����� + a ����� + a � ��� q r�d9h/m	^��k[,j=~ b6^�b�_�a9s�j�d!_!b6`,a6_H\Vb6m�n��-a9s b�d�b�_�aHe	�k[,a9sz� _�d � h4\�d!_![,d	b6^,_�a�]/�![,d	a
h/m!^��@a6[,^�aIs \�_�aHe,^�\&]/�![,d	|E_!d!`,c,^

M
l,e%n�s�d�]�^,[�a6|,[,dk^�e�\!m![,d%s�a6e,[�d���_6\!c,^�s d!�	e�\�gHd	sz�=d!_![,d	b6^,_�a�]/�![,d	a�j	b�c=d	e,a6[,^�a

_�d!`,c�^
M

e�\!m![,d�[,j!]�~
a ����� = 0 q r�a6e,aH[,d	b6[,d!aoj	b6c=d!e,aH[,^,a@_�d!`,c�^ M

s�d��k[,dQd!l�e,a;h/a6]�^,_��/�Tl,d�]��	g6j�n�b6�B_!a6d!e�aHs�d!|
��^,m	\�]��	bH\ q r�e,^�s�a9s�m@c!\�`,a9b�_�m	a:l,d�]/~:b6\-_�d	`,c,j A q r�d	b�c=d�]��	c,joj	b6c%d	e,a6[�^,a+l,d�]/~:b6\-e�\!m![,d@[,j�]/~ aA = 0

�=_�dol,a6e�a �
[,d	b6[,d!a�j	b6c%d	e,a6[�^,aX_�d	`,c,^

M
b�_!a6e%�k[�n-�	j&h/aH_:b�c,]/\�h/p�m%\�_��%binI^,g�d	b�a9b�_�e�aHs�^,_�a6]��![�d � d{^@m!e�\!�-\�_!a�]��	[,d � dCj	b6c%d	e,a6[�^,|

a ����� = a
���
M + a �

�
M

a
���
M = −ω2−−→AM, a �

�
M = [ε ×

−−→
AM ]

� � [,d	m!aH[,[,p�|@�,a6[,_!eob6c=d!e,d%b�_�aH|@b6_�a6e%�k[�n AB � _�d!`�c!\ S
[/\&�	d9h
^,_!bin-[/\:l�a6e,a9b�a6`�a6[,^,^ol,aHe,l,aH[=h/^,c,j!],n,e,d	m{cob�c=d	e,d��

b�_9n�sQ_�d	`,a6c
A
^

B
� c7d%bin�s

Oy
^

Ox
b6d!d	_�m!aH_!b�_�m	a6[,[�d �;�9j � ]�d!m%\&n�b�c=d!e�d	b�_!�+b�_�aHe%�o[,n7j&h/d	m�]�aH_�m!d	e%n,a6_Cb�d	d!_�[�d!f7aH[,^,~

vA = [ω ×
−→
CA]

^�gH[�\�`,^,_oe�\!m![�\
ω = ϕ̇ =

u

a sin ϕ�7^ ��� a6e,aH[,�,^,e�j�n}l,d%bi]�a;h
[,a6a�m!p�e/\&�-aH[,^,a�l,dom!e�aHs�a6[�^v�,l,d�]�j=`�\!aHs�m!a�]/^,`,^,[,j}j � ]/d!m!d � d-j	b�c=d	e,a6[,^,n

ε = ϕ̈ = −
uϕ̇ cosϕ

sin2 ϕ
= −

u2 cosϕ

a2 sin3 ϕ
� b�aHb6_�e,a9s�^,_�a�]/�![,d	a{j%b�c=d!e�a6[,^,a�_�d	`,c,^

M
b6_�a6e%�k[�n�[�\�l�e�\�m!]�a6[,d@m&h
d�]��-[�a � doc�_�d	`,c=a A

^El,dkm	a�]�^,`�^,[,a�e�\�m	[,d

a
���
M = ϕ̇2s =

u2s

a2 sin2 ϕ
, s = AM = s0 + v0t

��e/\��-\!_�a�]/�![,d	a{j%b�c=d!e�a6[,^,a�_�d	`,c,^
M
[�\�l�e�\�m!]�a6[,d@d!e�_�d � d![�\�]��![,docQb�_!a6e%�k[,~ mwb�_!d!e,d	[,j}j=�!p�m%\�[,^,nBj � ]/\ ϕ

^�l,d
m!a�]/^,`,^,[,a�e/\�m![�d

a �
�

M = |ϕ̈|s =
u2s cosϕ

a2 sin3 ϕ

�



��d!e,^,d�]/^�b�d	m!dzj	b6c%d	e,a6[�^,a
a � ��� = 2[ω, v ����� ]

�	j&h/aH_�[�\�l,e/\�m�]/a6[,d�d	e,_�d � d![�\�]��![�d�c7b�_�aHe%�o[�~�m:b6_�d!e�d![,j{m!d	g6e�\	b�_6\![,^�n
j � ]
\ ϕ

^�l,dom!a�]/^,`,^,[,a�e�\!m![,d
a � ��� =

2uv0

a sinϕ

�2\�c�^�s�d!�	e�\�gHd	sz�v\��%b�d�]�~:_�[,d	a@j%b�c=d!e�a6[,^,ao_�d	`,c,^
M
�vl�e,a;h
b6_6\�m!],n,aHs�d	a � aHd	s�a6_!e,^,`,a9b�c=d!|�b�j�s s�d	|�l,a6e,aH[,d	b6[,d � d�^

c%d	e,^,d�]�^/b�d!m	d � d7j	b6c=d!e,aH[,^,|
a ����� = a

���
M + a �

�
M + a � ���

��e�\�m	[,d

a ����� =

√

(

2uv0

a sin ϕ
−

u2s cosϕ

a2 sin3 ϕ

)2

+
u4s2

a4 sin4 ϕ
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 H0 � l,e,a�h/a�]�^/s�b�c=d!e�d	b�_!�7c=d�]�a6`�c!\,�%m!d%b�l,d�]��	g6d	m	\�m	f7^�b6�:_!a6d!e�aHs�d!|Bbi]�d��-aH[,^�n}b�c=d	e,d	b6_�a6|
v ����� = v ����� +

v ����� q ��c!\�`,aHb6_�m!azl,d9h
m!^��k[,d	|@b6^�b�_�a9s�p d	_!b�`�a6_6\�m	p��!a6e�aHsxb6^�b�_!aHs�j7d%b�aH|v�&[,a6^�gHs�a6[�[,dIb�m!n,gH\�[�[,pz�-b�d!c,e�j	�k[,d%b�_��	~ q�vd � h4\ol,do_�a6d	e,aHs�a ��|�]/a6e�\@m!aHc,_�d	eBl,aHe,a6[�d	b�[�d!|�b�c=d!e,d%b�_�^Ed!l�e,a;h/a6]�^,_!bin�l,d � d!e/s�j�]�a

v
(1)����� = [ω1 ×

−−→
OM ], v(1)����� = 2rω1 cosϕ

��aHc,_�d	e@d	_�[,d%b�^,_�a6]��![�d!|ob�c=d!e,d%b�_�^@m��6_!d!|kb�^�b6_�aHs�a�d	_!b�`�a6_6\�[�\!l,e�\!m�]�aH[-l,d�c	\!b6\!_�a�]/�![,d	|-cod!c�e,j%�o[�d	b�_!^v�!\{l,d!_!d	s�j
c%d	[,a6�@m!aHc,_�d	e�\:\!�	b6d�]�~+_�[�d!|-b6c=d!e,d%b�_�^-_�d!`,c�^

M
]�a��k^,_�[�\{l,e%n�s�d	|

∆1
�&l/\�e�\�],]�a�]/�![,d	|7c!\	b6\�_!a�]��	[,d!|@c-d	c,e,j%�k[,d��

b�_�^�^El,e,d��	d9h/n,�7a6|}`,a6e,aHg�c%d	[,a6�Em!aHc,_�d	e�\7l�a6e,aH[,d	b6[,d!|Eb�c=d!e,d%b�_�^
v

(1)�����
��l�d	b�c=d�]��	c,jom!aHc,_�d!e�\��%b�d�]�~:_�[,d	|Bb�c=d	e,d	b6_�^

� h/^�\ � d![�\�]��@l�\�e�\�],]�a6]�d � e�\!s s \@b�dkb�_!d!e,d	[�\!s�^
v

(1)�����
^

v
(1)����� q

� c!\�`,aHb6_�m!a:m!_�d	e,d!|}l,d9h/m!^,�o[�d!|}b6^�b�_�a9s�p�d	_!b�`,aH_6\-m!p��!aHe,aHs�b�^�b6_�aHs�jkd%b�a6|2�%[�a6^,g9s�a6[,[,dob�m!n,gH\![,[,pz�kb�dob�_�aHe	� �
[,aHs q �2d � h
\om	a6c,_!d!eEl,a6e,aH[,d	b6[,d!|�b�c=d	e,d	b6_�^Bd	l,e,a�h/a�]�^�_!binBl,d � d	e�s�j�]/a

v
(2)����� = [ω2 ×

−−→
OM ], v(2)����� = 2rω2 cosϕ

��aHc,_�d	exd!_![,d	b6^,_�a�]/�![,d	|�b�c=d!e,d%b�_�^xm}�6_!d!|Vb6^�b�_!aHs�a@[�\�l,e/\�m�]/a6[Qm&h
d�]��}b�_!a6e%�k[�nv�Tbi]�a;h/d	m	\!_�a�]��	[,d��/c=d![,aH��m!aHc,_�d!e/\
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M
]�a��k^,_E[�\El,e%n�s�d!|

∆2
�Tl�\!e�\&]�]�a�]��	[,d!|Vb�_�aHe	�k[,~ ^�l,e,d��%d9h�n,�7aH|�`,aHe,a6g@c=d![,aH�

m!a6c�_�d!e�\@l,aHe,a6[�d	b�[�d!|�b�c=d!e,d%b�_�^
v

(2)����� q�vd!`�c!\
S
l,a6e�aHb�aH`,a6[�^�nxl,e%n�s�pz�

∆1
^

∆2
d	l,e,a�h/a�]�^�_Bl,d�]/d��-a6[�^,aIc=d![,�/\}m	a6c,_�d	e�\}\!�	b6d�]�~+_�[�d!|�b�c=d	e,d	b6_�^xc=d��

]�a6`,c	\
M q �va6l�a6e,�k[,aH_�e,j�h/[,dk[�\!|,_�^Q\��%b�d�]�~:_�[,j=~ b�c=d!e,d%b�_��@_�d	`,c,^ M

� m	a6c,_!d!e −−→
MS

�



v(1)����� =
v
(1)����� + v

(2)�����

cosϕ
= 2r(ω1 + ω2),

v ����� = 2r

√

ω2
2 + ω1(ω1 + 2ω2) sin2 ϕ
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��b�c=d!e,aH[,^,awc=d�]�aH`,c!\Qd	l,e,a�h/a�]�^/s�l,dx_�aHd!e,a9s�aBbi]�d��@a6[,^,n?j%b�c=d!e�a6[,^,|

a ����� = a ����� + a ����� + a � ��� q �Pb�^�b6_�aHs�a
d	b�aH|v�T[,aH^,gHs�aH[,[,dQb�m!n,gH\�[�[,pz��b-d	c,e,j%�k[,d	b6_��!~-�vs \�_�aHe,^�\�]��![�\�nx_�d	`,c!\}h/m!^,�-a6_	binVl,dEd!c,e�j	�k[,d%b�_�^?b@l,d	b6_�d�n,[,[,d	|
l,dIm!a6]�^,`,^�[,a:b6c%d	e,d	b6_��!~

v
(1)����� = 2r(ω1 +ω2)

�%l,d	�6_�d%s�j-d	_�[,d	b6^,_�a6]��![,d	aCj	b6c=d!e,aH[,^,a�_�d	`,c,^wmI�H_�d!|Bb�^�b6_�aHs�a:d!_!b6`,a6_6\
l,dom!a�]/^,`,^,[,a�e/\�m![�d

a(1)����� = 4r(ω1 + ω2)
2

^Q[�\�l,e/\�m�]/a6[,d@cQ�,a6[�_�e,jEd!c,e,j%�k[,d%b�_�^ q �2\�cQc	\�c�d!c,e�j	�k[,d%b�_��km	e�\��@\�aH_!binEb�l,d%b�_�d�n,[�[,d!|Ej � ]�d!m	d!|�b�c=d!e,d%b�_��	~7��_�dl,a6e,aH[,d	b6[,d!a�j%b�c=d!e,aH[,^,a
a

(1)����� = −ω2
1

−−→
OM

_�d!`,c�^
M
l,dom!a6]�^,`,^,[�a�e�\�m	[,d

a(1)����� = 2rω2
1 cosϕ

^E[/\�l,e�\!m�]�aH[,d@cE_!d!`,c=a
O q ��d	e,^,d�]�^�b6d!m	dIj	b6c%d	e,a6[�^,a a

(1)� ��� = 2[ω1 × v
(1)����� ]

l,dom!a6]�^,`,^,[�a{e/\�m![�d

a(1)
� ��� = 4rω1(ω1 + ω2)

^k[�\�l,e/\�m�]/a6[,d�d	_��,a6[,_!e�\Id	c,e,j%�k[,d	b6_�^ q r�e�d!a6c�_�^,e,j!n@�H_�^w_�e,^}j	b�c=d	e,a6[,^,n@[�\Id	b�^ Ox
^

Oy
�%b�m!n,gH\�[�[,p�aCb�d7b6_�a6e%� �

[,aHsz�,l�d�]�j=`�\�a9s
ax = 4rω2(ω1 + ω2) sin ϕ, ay = −2r[ω2

1 + 2ω2(ω1 + ω2)] cosϕ

�vd � h4\oj	b�c=d	e,a6[,^�a:c=d�]�aH`,c!\ M
l,dom	a�]�^,`�^,[,a�e�\!m![,d

a ����� =
√

a2
x + a2

y q
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 H0 ��p��!^�e�\&nEm@c	\�`,aHb6_�m!a�l,d�]�~{b6\@_�d	`,c,j
A
�,l,do_�aHd!e,a9s�a ��^,m	\�]��	bH\

aB = aA + [ε ×
−−→
AB] − ω2−−→AB

��a6_�e,j�h/[,d�m	^=h/aH_�����`,_�dxs � [,d!m	a6[,[,p�|���a6[,_�e b�c=d!e,d%b�_�aH| S
b�_�aHe	�k[�n

AB
[�\��	d9h/^,_	binV[�\Ql�a6e,a9b�a6`�a6[,^,^�h/^�\!s�aH_�e�\

d!c,e,j%�k[,d%b�_�^v�	l,e,d��%d9h�n,�7a � d�`,a6e�a6gC_�d	`,c,j A
�	^kl,a6e,l�a6[=h/^�c,j�],n,e/\�cwb�_�aHe%�o[�~7�%m!d	bHb�_6\![,d!m!]�a6[�[,d � d{m�_!d!`,c=a C q ��\	b �b�_�d�n,[,^�aCd!_I_!d!`,c,^

A
h/d-s � [,d!m	a6[,[�d � d��,aH[,_�e�\-b�c=d!e�d	b�_!a6|ke�\!m![,d{h/^/\!s�a6_!e,jod!c,e,j%�k[,d%b�_�^k^wd%b�_6\!a6_!binkl,d%b�_�d�n,[�[,pCs

m!dwm%b�a�m!e�aHsMn�h/m	^��-aH[,^�n q ��]/\ � d9h
\!e%nB�6_!d	s�j!�4s � [�d!m!aH[,[�\�nEj � ]�d	m	\&n�b�c=d!e�d	b�_!�wb�_�aHe	�k[�n�d%b�_6\!a6_!binQl,d%b�_�d�n,[�[,d!|Qm	dm	b�a�m	e,aHsMnBh/m!^,�-a6[�^�nB^�l,dom!a6]�^,`,^�[,a�e�\�m	[�\
ω =

v0

2r

\Qs � [,d	m!a6[�[,d!aoj � ]�d!m	d!a@j	b6c%d	e,a6[�^,akb�_�aHe	�k[�n
ε

e/\�m![�dB[,j!]�~ m	dEm%b�aom!e�aHsMnVh/m!^��@a6[,^,n qM� ]�a;h
d!m	\!_�a�]/�![,d/�Tm!e�\!�-\��_�a�]��	[,d!a�j%b�c=d!e,aH[,^,a�_�d	`,c,^
B
b�_�aHe%�o[,nEe�\!m![,d@[,j!]�~ q � b6aHb6_�e,aHs�^�_�a�]��	[,d!a�j%b�c=d!e,aH[,^,a{_�d!`�c,^ B

e/\�m![�d

a
���
B = ω2AB =

v2
0 l

4r2

^�[�\�l�e�\�m!]�a6[,dxc�_�d!`�c%a
A q ��b�c=d!e�a6[,^,a}_�d!`,c�^ A

b6_�a6e%�k[�n�[�\!l,e�\�m!]�a6[�dQc��,a6[�_�e,j�d!c�e,j%�o[�d	b�_!^�^�l,dxm	a�]�^�`,^,[,a
e�\�m	[,d

aA =
v2
0

r

��\	b6bHs \�_�e,^�m	\&n�l�e,d!aHc,�,^,^Vj	b�c=d	e,a6[,^,n�_�d!`,c�^
B
[�\B[�\�l,e/\�m�]/a6[,^,a@b�_�aHe%�o[,n

Ax
^xd	e,_�d � d![/\&]��	[,d!aIcV[,aHs�jx[�\��

l,e�\�m!]�a6[�^,a
Ay
�,l,d�]�j=`,^�s




aBx = aA cosϕ − a
���
B =

v2
0

r
cosϕ −

v2
0l

4r2
, aBy = aA sinϕ =

v2
0

r
sinϕ;

aB =
√

(aBx)2 + (aBy)2

� h/a ϕ � j � d�]Qs�a��@h/jEb�_�aHe	�k[,a9s AB
^}h
^�\!s�aH_�e,d	s

AS q

� �&*4�%GI �*
'����!0
���������	� 
�tv�oy���*
'!Ru3��&�6"-F�*���89�/'��.�

r
�	��"-�/"@�i5�N& O<����	��$
F�RS 63��=5��/�V�/���&3/ 6Y-3
 �A���"@�.*
��3/ x3/ ��/�&89���,Ru3/��A

�9��*
'!Ru3��&�6"-�V*,��89��'��i�
R
"o�&��L���"-�� H 	
 �3/"C*��%G7 6 �" ���&�6"-��5
3�3/'!( �/���� .$
�/����3
 w���	�D*4�&��"@F

v0
0�yz��*4 68� i$
��"@F

�9 



'����!�.*T �3��
 x"@�����!�
S
����*
'�RS3��&��"@�,Lk���&�&�
��8��&( �o �A�� 8��&3/3���A GI��GI �3/" �x�/�;$
�9R� �3��
 .G GIJO3��&�� 63�3/��JO� 	
 �3/"C*,�

���!�.*4���6"@ 6A,L�� '��6�!�.*4 63��
 B"@�����!�
A
LX*��!������$
�9RS 63�3/�9A 3/�V�&*4��"-�
�&������$
�9Ru3���G �!��3
	
 Q89�/�6G7 �"+*���L:�&*
�6�/�&8;5 �@ HJO�

�, *4 O<o"@�����!'
S
0

WX 6Y@ 63��
 H0���\�cQc!\!cBl,e�^Ec	\�`,a6[,^�^E�	a6g�b�c=d�]��!�-aH[,^�nBb6c%d	e,d	b6_��@_�d!`,c�^El�d9h/m!^��k[,d	|Bd	c,e,j%�k[,d	b6_�^v��b6d!m	l�\�h
\!~+�-a6|
m7h4\�[,[,p�|Qs�d%s�a6[,_kb�_�d	`,c=d!|Ec%d	[,_6\!c,_6\ol,d9h/m	^��k[,d!|Bd!c,e�j	�k[,d%b�_�^Qb{[,aHl,d9h/m!^,�o[�d!|v��e�\!m![�\-[,j!]�~7�,_!dos � [,d!m	a6[,[�p�|
�,a6[,_!e7b�c=d!e�d	b�_!a6|�[�\&�%d9h/^,_!bin{m��6_�d	|�_�d!`�c%a

S
�6^Is � [�d!m!aH[,[�\�n:j � ]�d!m%\&n�b�c=d!e,d%b�_��zd	c,e,j%�k[,d	b6_�^

ω

�!j�h/a6_�l,d�m	a�]�^�`,^,[,a
e�\�m	[�\

ω =
v0

r

�I],n-[�\��	d��@h/aH[,^�n-j%b�c=d!e�a6[,^,|@_�d	`,a6c
S
^

A
m	d	b�l�d�]��!gHj!aHs binI_!a6d!e�aHs�d!| ��^�m	\&]/�	b6\��&m!p��	^,e�\&n-m{c	\�`,aHb6_�m!a�l,d�]/~:b6\

�,a6[,_!e�l,d9h/m!^,�o[�d!| d!c,e,j%�k[,d%b�_�^
O1 q �2d!`,c!\ O1

h/m	^��-aH_!bin l�d�d!c,e,j%�k[,d%b�_�^ e�\�h
^,j	bH\
R + r

bBl�d	b�_!d�n,[,[,d!| l,d
m!a�]/^,`,^,[,aIb6c=d!e,d%b�_��	~

v0
��l,d!�H_�d	s�jBj	b6c%d	e,a6[�^,a:_!d!`,c,^

O1
e�\�m	[,d

aO1
= −ω2

OO1

−−→
OO1 = −

v2
0

R + r

−−→
OO1

OO1

� � ]�d	m!d!aVj	b6c%d	e,a6[�^,a
ε

d	c,e,j%�k[,d	b6_�^�e�\!m![,d [,j�]/~ m	d m%b�a�m!e,a9sMn�h/m!^,�-a6[�^�nv�z_6\�cSc!\�cum!aHc,_�d!eSa��?s � [�d!m!aH[,[,d	|
j � ]/d!m!d	|@b6c=d!e,d%b�_�^od	b6_6\�aH_!binom!d�m	b6a�m!e,a9sMn7h
m!^��@a6[,^�nkl,d%b�_�d�n,[�[,pCsx^kl�d�m!a�]/^,`,^,[,a	�!^ol,dI[/\�l,e�\!m�]�aH[,^,~ q r�d!�H_�d	s�jm!e�\!�-\�_!a�]��	[,p�a:j%b�c=d!e�a6[,^�n

a �
�

S

^
a �
�

A

_�d	`,a6c
S
^

A
b6d!d	_�m!aH_!b�_�m	a6[,[�d-e�\!m![,pu[,j�]/~ q

� b�aHb6_�e,a9s�^,_�a�]/�![,d	a{j%b�c=d!e�a6[,^,a
a
���
S

_!d!`,c,^
S
e�\!m![,d

a
���
S = −ω2−−→O1S = −

v2
0

r

−−→
O1S

O1S

��b�c=d!e,aH[,^,a�_�d	`,c,^
S
bi]�d��k^,_!binB^�g{j%b�c=d!e�a6[,^�nE_�d!`�c,^

O1
^�d	b6aHb6_�e,aHs�^�_�a�]��	[,d � doj	b�c=d	e,a6[,^,n}_�d!`�c,^ S

aS = aO1
+ a

���
S = −

v2
0

R + r

−−→
OO1

OO1
−

v2
0

r

−−→
O1S

O1S
=

v2
0R

r(R + r)

−−→
OO1

OO1

_�dkaHb6_��o[�\�l,e/\�m�]/a6[,d@c�_�d!`,c=a
O1 qZC[�\�]�d � ^,`,[,d/��[�\�|=h
aHs�j%b�c=d!e�a6[,^,a�_�d	`,c,^ A q � b�aHb6_�e,a9s�^,_�a�]/�![,d	a{j%b�c=d!e�a6[,^,a a

���
A

_�d!`,c�^
A
e�\!m![,d

a
���
A = −ω2−−→O1A = −

v2
0

r

−−→
O1A

O1A

�)e,aHg6j�]/�&_6\�_�a�j%b�c=d!e,aH[,^,a{_�d!`�c,^
A
e�\�m	[,d

aA = aO1
+ a

���
A = −

v2
0

R + r

−−→
OO1

OO1
−

v2
0

r

−−→
O1A

O1A
= −

v2
0(R + 2r)

r(R + r)

−−→
OO1

OO1

d!_�c,j�h
\@m!^=h
[,d���`,_!dkj	b�c=d	e,a6[,^�a:_�d	`,c,^
A
[�\!l,e�\�m!]�a6[�d-c��,aH[,_�e,jBl,d9h/m!^,�o[�d!|Ed!c,e,j%�k[,d%b�_�^

O1 q
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 H0���^�]�^,[�h/e,p b�d	m!aHe,f-\!~+_Ql�]�d%b�c=d�� l�\!e�\&],]/a�]��	[,d!a-h/m	^��-aH[,^,a}l/\�e�\�],]�a�]/�![,dQl�]/d	b�c=d%b�_�^�d	e,_�d � d![/\&]����

[,d!|u^��)d	bin�s q r�d!�H_�d	s�j h/d%b�_6\!_�d!`,[�d e�\	b6bHs�d!_�e,aH_���h
m!^��@a6[,^,a�_�d	`,a6cSb�^�b6_�aHs�p��ze�\	b�l,d�]�d��@a6[,[�pz� m l�]�d	b6c=d	b�_!^l,a6e,l�a6[=h/^�c,j�],n,e�[,d!|�d%bin�s �,^�]�^�[=h/e,d	mw^xl,e�d��	d9h�n,�-a6|�`,a6e�a6g7_!d!`,c,j
C q �vd	`,c!\ C

m	dwm	b6a7m	e,aHsMn�h/m	^��-aH[,^�nQ�!j�h/a6_
d	b�_H\�m	\!_��	binBm@�H_�d!|�l�]/d	b�c=d%b�_�^ � bHs q `,a6e�_�a�� � q

��b�c=d!e,aH[,^,a�_�d	`,c,^
C
s�d��@a6_@�!p�_��ol,e,a�h
b�_H\�m�]/a6[,dol,do_�aHd!e,a9s�a ��^,m	\�]��	bH\ q �Xbi]�^EgH\@l,d�]/~:b{l,e,^,[,n,_��k_�d!`�c,j O1

�
_�d

aC = aO1
− Ω2−−→O1C + [ε ×

−−→
O1C]

� h/a
Ω � \��%b�d�]�~:_�[�\�nBs � [,d	m!aH[,[�\&nBj � ]/d!m	\�nBb�c=d	e,d	b6_��-��^�]�^,[=h
e�\oe�\�h
^,j	bH\ r

��\
ε � a � doj � ]�d!m	d!a{j	b�c=d	e,a6[,^�a qr�d	b�c=d�]��	c,jC_�d	`,c!\

O1
h/m!^,�-a6_	binIl,dCd!c�e,j%�o[�d	b�_!^Ie�\�h
^,j	bH\

r
�9a �Xj%b�c=d!e,aH[,^,a l,e�a;h
b6_6\�m	^,_!bin7c!\!c � aHd	s�aH_�e,^,`,a9b�c!\�n

b�j�s s \oc!\!bH\�_�a6]��![�d � d@^E[,d!e�s \�]��![�d � d@j	b6c=d!e,aH[,^,|

aO1
= aO1τ + aO1ν =

dvO1

dt
τ +

v2
O1

r
ν

� h/a
vO1

� \��	b6d�]�~+_![�\&nQb�c=d!e�d	b�_!�k_�d!`,c�^
O1
��c=d!_!d!e�\�n�s�d��@a6_w�	p�_��k[�\�|�h/a6[�\wl,dw_�aHd!e,a9s�a7bi]�d��-aH[,^�n�b�c=d	e,d	b6_�a6| q

�Xbi]�^�l,d9h/m	^��k[,j=~ b�^�b6_�aHs�j�d!_	b�`,aH_6\�b�m!n,gH\!_��Qbkl,d�]�pCsu�,^�]�^�[=h/e,d%sz��_�dQl�a6e,aH[,d	b6[�\&n�b�c=d!e�d	b�_!�E_!d!`,c,^
O1

�	j&h/aH_
l,dQm!a6]�^,`,^,[�ake�\�m	[�\

ωr
��\�d!_�[,d%b�^,_!a�]��	[�\&n�b�c=d!e�d	b�_!� � ω1r q �vd � h4\�\��%b�d�]�~:_�[�\&n?b�c=d!e�d	b�_!�E_!d!`,c,^ O1

�!j�h/a6_�l,d
m!a�]/^,`,^,[,a�e/\�m![/\

vO1
= (ω + ω1)r = const

^x[�\!l,e�\�m!]�a6[/\kmEb6_�d!e�d![,j�m!e/\��7aH[,^�n�l,d�]/d � d}�,^�]�^,[�h/e�\ q ��\�c,^�s�d!�	e�\�gHd	sz�
_�d!`,c	\ O1
h
m!^��@a6_!binxl�d}d!c�e,j%�o[�d	b�_!^

e�\�h/^�j	b6\
r
b+l,d%b�_�d�n,[�[,d!|kl,d-m!a6]�^,`,^,[�a:b�c=d	e,d	b6_��!~

vO1

^
aO1τ = 0 q �X]
\ � d9h4\�e%n@�H_�d	s�j	�	j%b�c=d!e�a6[,^,a:l,d�]�~{b6\�e�\!m![,d

aO1
= −

v2
O1

r

−−→
OO1

OO1
= −(ω + ω1)

2−−→OO1

_�dkaHb6_��o[�\�l,e/\�m�]/a6[,d@c�_�d!`,c=a
O q
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�I],nId!l,e�a;h/a6]�a6[,[�d	b�_!^7l,d�]�d��k^�s
ω > ω1 q �vd � h
\{\��	b6d�]�~+_![�\&nIj � ]�d	m	\&nIb6c%d	e,d	b6_��+s \�]�d � d+�,^�]/^,[=h/e�\:l,d{_�a6d	e,aHs�abi]�d��-aH[,^�nVj � ]�d	m!pz�xb6c%d	e,d	b6_�a6|?l,d�m	a�]�^,`�^,[,ak�!j�h/a6_�e�\!m![�\ Ω = ω − ω1

^�s \&]�p�|���^�]�^,[=h
e�m	e�\��@\�aH_!binVl,e�d!_�^,m
`�\!b6d!m!d	|Bb6_�e,a�]/c,^ q r�d%b�c=d�]��!c�j@m	a6c,_!d!e�s � [,d	m!a6[�[,d!|Bj � ]/d!m!d	|Bb6c%d	e,d	b6_�^ Ω

d	b6_6\�aH_!binBl,d%b�_�d�n,[�[,pCs�^�l,dom!a6]�^,`,^�[,a!�
^�l,dw[�\!l,e�\!m�]�aH[,^,~ m	dwm	b6a�m!e,a9sMn�h/m!^��@a6[,^,nv��j � ]�d!m	d!a�j%b�c=d!e,aH[,^,aIs \�]�d � dk�,^�]�^,[�h/e�\we/\�m![�dw[,j�]/~7��^xj	b�c=d	e,a6[,^�a
_�d!`,c�^

C
s \&]/d � do�,^,]�^,[=h/e/\kbi]�d��k^,_!bin}^,g�j%b�c=d!e�a6[,^�nE_�d!`�c,^ O1

^�d	b6aHb6_�e,aHs�^�_�a�]��	[,d � d-j%b�c=d!e�a6[,^�n

a
���
C = −Ω2−−→O1C

�2\�c�^�s d!�!e/\�g6d%sz�
aC = −(ω + ω1)

2−−→OO1 − (ω − ω1)
2−−→O1C = −4ωω1r

−−→
OO1

OO1d!_�c,j�h
\@m!^=h
[,d���`,_!dkj	b�c=d	e,a6[,^�a:[�\!l,e�\!m�]�aH[,d-c�_�d	`,c=a
O q
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 H0 � m!n��-a9s�l,d9h
m!^��k[,j=~ b�^�b6_�aHs�j�d!_	b�`,aH_6\�b�dQb6_�a6e%�k[,aHs

AA1
�vc=d!_�d	e,p�|Vh/m!^��@a6_!bin?l,d%b�_�j=l�\!_�a�]��	[,d q

� ]�a;h/d	m	\!_�a�]��	[,d��X[,a6g9\�m!^/b�^�s�d�d	_�l,d�]�d��@a6[,^,n _!d!`,c,^ M
l,a6e,aH[,d	b6[,p�aVb6c=d!e,d%b�_���^uj	b�c=d	e,a6[,^�aQ_�d!`,c�^

M
�!j&h
j%_

e�\�m	[,pub6d!d!_!m!a6_	b�_�m	a6[,[,dob�c=d	e,d	b6_�^B^�j%b�c=d!e,aH[,^,~�_�d	`,c,^
A
�,_!dkaHb�_!�

v ����� = [ω ×
−→
OA], a ����� = −ω2−→OA

�2\�c�c!\!c�m@�H_�d!|Qb6^�b�_�a9s�a�d!_!b6`,a6_H\o_�d!`,c	\
M
h/m	^��-aH_!binBl,e%n�s�d�]�^�[,a6|,[�d@^�e�\!m![,d%s�a6e,[�d

v ����� = v

−−→
AA1

AA1
, a ����� = 0

��d!e,^,d�]/^�b�d	m!d7j%b�c=d!e�a6[,^,a{e�\!m![,do[,j!]�~7��l,d%b�c=d�]��	c,jkl,d9h/m	^��k[�\&nBb6^�b�_!aHs \od!_	b�`,aH_6\-h/m!^,�-a6_	binBl,d%b�_�j=l�\!_�a�]��	[,d q ��\��c,^�s d!�!e/\�g6d%sz�
v ����� = [ω ×

−→
OA] + v

−−→
AA1

AA1
, a ����� = −ω2−→OA
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M
e/\�m![�p

v ����� =
√

ω2a2 + v2 − 2ωav sinα, a ����� = ω2a
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/� ��d	b�l�d�]��!gHd!m	\!_��	bin � d	c!\&]��	[,pCs�j=e�\!m![,aH[,^,a9s��O],]�^�l�b6\@^ θ = ωt
�
θ � ^/b�_�^,[�[�\&nQ\�[,d%s \&]�^,n � q
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h/m	^��-aH_!bin�l,d�l,e%n�s�d!| l,d�gH\�h4\�[,[,d%s�j�gH\!c=d![,j q r�e,^�s�aH[,^,_���_�aHd!e,a9s�j bi]/d��-a6[�^�n j%b�c=d!e�a6[,^,|�h�],n�_�d	`,c,^ M qr�a6e,aH[,d	b6[,d!a{j	b6c%d	e,a6[�^,a�d!l,e,a�h/a�]�n,a6_!binEc!\�c�j	b6c=d!e,aH[,^,a�b�d!d	_�m!aH_!b�_!m!j=~+�-a6|E_�d!`,c�^E_!m!a6e	h/d � d@_�a�]
\ q
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 � �v� ��e,a9b�_�d	m!^,[/\ � _�m!aHe	h/d!a�_�a6]�d}b�[�a6l,d9h/m	^��k[,d!|Q_!d!`,c=d!|
E q r�d	b6_�e,d!^�_��wm!aHc,_�d	e�s � [,d	m!a6[�[,d!|�j � ]�d!m	d!|�b�c=d��e,d	b6_�^Qc,e,a9b�_�d	m!^,[,p���e�\!bHb6s \�_!e,^,m	\�nEaHa{h/m!^,�-a6[�^,a�c!\�c�b6j�s s�jBm	e�\��-a6[,^,|2�,m!p��	e�\�mol,d%bi]�a;h/d	m	\!_�a�]��	[,d@l,d9h/m!^,�o[�p�a

b�^�b6_�aHs�pSd!_!b6`,a6_H\,��b6m�n,gH\![,[,p�a�b{d9h/[,d	|B^Bh/e,j � d!|Em!^�]�c	\!s�^�l,e,^ � ^,c�b�^�e,d!m%\�[,[,d%s�j � ]�a ϕ q
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 �2
/� ��\�|�_�^Qc=d	s�l,d	[,a6[,_!pSs � [,d!m	a6[,[,d	|Bj � ]�d	m!d	|Eb6c%d	e,d	b6_�^�^,g�_�aHd!e,a9s�p ��|,]�a6e�\-h/],nQ_�d!`,aHc
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C
�/m!p��	e�\�m@gH\

l,d�]�~:bI_�d!`,c�j
A q � � [,d!m	a6[,[�\�nBd%b��km!e/\��7aH[,^�n�l,e,d��%d9h/^,_o`,a6e�a6gI_�d	`,c,j A

^Qa6aI[/\�l,e�\!m�],n,~:�7^,|�m	a6c,_�d	e � m!aHc,_�d!e
s � [,d	m!a6[�[,d!|Ej � ]�d!m	d!|Bb6c=d!e,d%b�_�^ q
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 �4tT� ��\�|,_!^ c=d	s�l�d![,aH[,_�p s � [,d!m	a6[,[�d!| j � ]/d!m!d	|�b�c=d	e,d	b6_�^�^,gQj=e�\!m![,aH[,^,| ��|�]�a6e/\,��b�m!n,g6p�m%\�~+�-^���b�c=d	e,d	b6_�^
_�d!`,c�^
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C q ��^,[,_�d	m	\&n�d	b6�o[�\&�%d9h/^,_!bin�^,g�j	bi]/d!m!^,nv��`,_�d}b6c%d	e,d	b6_�^�_�d!`�a6cv��]�a��I\��-^���[�\o[,a6|2��l�\!e�\&],]/a�]��	[,ps � [,d	m!a6[�[,d!|Ej � ]�d!m	d!|Bb6c=d!e,d%b�_�^ q
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�v� � c=d!e�d	b�_!�k^�j	b6c%d	e,a6[�^,a��,a6[�_�e�\kc,e�^,m!^,gH[,p�l,dwd	l,e,a;h
a�]�aH[,^,~ [/\&�	d9h/n,_!binBl,d%bi]�a;h
d!m	\!_�a�]/�![,pCs�h/^ ��� aHe,a6[ ��,^,e,d	m	\�[�^,aHs�l,dom!e,a9s�a6[,^v��^�b�l,d�]/�!g6j!n � d!e/s�j�]�p��Ie�a6[,a	��b�d	d!_�[,d	f7aH[,^�n

−−→
OK =

−−→
OM + ρν

� h/a −−→OK � e/\�h/^,j%b �=m!a6c�_�d!eQ�,aH[,_�e�\Bc,e,^�m!^,gH[,p�� −−→
OM � e/\�h/^,j%b �=m!a6c�_�d!eQ_�d	`,c,^

M
�
ρ � e�\�h/^�j	bIc�e,^,m!^�g6[,p��

ν �
m!a6c�_�d!e � ]/\�m	[,d!|B[,d!e/s \&]�^ q
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 � �2�4��b�l�d�]��!gHd!m	\!_�� � d	e�s�j�]�p��7e,a6[,a�^ � d!e/s�j�]�pSr�j	\!bHb�d	[�\ q
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 � �T� ��d	b6l,d�]��!gHd!m%\�_��%bin@d	l,e,a;h
a�]�aH[,^,aHs m!aHc,_�d	e�\@m!^���e%nB^�_�aHd!e,a9s�d!|���|�]�a6e/\ q
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 � �v� ��aH[,_�eVf-\�e/\@h/m!^,�-a6_	bin�l�d}d!c�e,j%�o[�d	b�_!^v�/a � dwj%b�c=d!e�a6[,^,a7^�s�a6aH_kh/m	a-b�d%b�_6\!m�],n,~:�7^,a 
 [,d	e�s \&]/�![,j=~ ^xc!\��
b6\�_!a�]��	[,j=~ q
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